Erdős introduced the notion of abelian square in a 1961 paper [1]: Definition 1. A word w is an abelian square if there exist two words s and t such that w = st and t is a permutation of s.
Lemma 3. The word w n 4 w 3 w n!+n 2 w 3 w 2(n!+n) 3 ∈ L ∩ (Σ 2 ) * ∩ R.
Proof. Suppose z = w n 4 w 3 w n!+n 2 w 3 w 2(n!+n) 3
. Clearly z ∈ (Σ 2 ) * ∩ R. Suppose m is the total number of 1's in z. Then m = 3n! + 4n + 2. However, the number of 1's in the second half of z is 4n! 3 + 2n + 1, which is not equal to m 2 . Hence z is not an abelian square. Thus z ∈ L.
Definition 4. Let w = 0 s 0 10 s 1 · · · 10 s k be a word over the alphabet Σ. We define alt(w) = |{1 ≤ i < k : s i = s i+1 }|.
Define alt(·) over a language K as follows: alt(K) = max w∈K alt(w).
Definition 5. A sequence of non-negative integers (a k ) n k=1 is called uneven if n > 1 and ∃i ∈ [1, n] such that a i = a i+1 . Here a n+1 = a 1 . Otherwise, it is called even. 
Lemma 8. If w is an uneven word, then alt(w k ) ≥ k − 1.
Proof. Suppose w = 0
Since w is uneven, we get alt(10
. By Lemma 3 we see that z ∈ T . Mark the first 4n bits of z, that is, the bits corresponding to w (i) Either v or x is the empty word. Without loss of generality, suppose x is empty.
(ii) v contains a 1 and v is uneven.
(iii) v contains a 1 and v is even.
(ii) Both v and x are non-empty words.
(ii) Both v and x contain a 1; v is uneven or x is uneven.
(iii) Both v and x contain a 1 and are even. • m(blue, x) = 2.
• m(blue, x) = 1.
• m(blue, x) = 0 and m(green, x) > 1.
• m(blue, x) = 0 and m(green, x) = 1. (iii) m(red, x) = m(green, x) = 0 and m(black, x) > 0 Suppose there exists a decomposition z = uvwxy satisfying the above three conditions simultaneously.
Case i: First we consider the case when either v or x is empty. Without loss of generality, suppose x is empty. Then v cannot be empty, since vx is non-empty.
Case i.i: Suppose v = 0
k for some k ∈ N + . Then we select i = 4. Since there are more than 3 successive 0's in v 4 , this is also true for uv 4 wx 4 y. However, no word in T contains more than 3 successive 0's. Hence we get a contradiction.
Case i.ii: Suppose v contains a 1 and is uneven. We pick i = 6. Then alt(v 6 ) ≥ 5 > alt(R) = 4 by Lemma 8. So uv 6 wx 6 y ∈ T , which violates condition C.
Case i.iii: Now we consider when v is even. In this case v can be written in the form 0 k 1(0 k+s 1) p 0 s for some k, s, p ∈ N (as we mentioned in Example 7). Then it follows that m(green, v) = 0 and k + s = 3 by the following argument. Suppose m(green, v) > 0. Then m(blue, v) = 3. That is to say, the w 3 between w 4 's and w 2 's lies in v. Then v must be of the form r 1 01001r 2 for some words r 1 and r 2 . It follows that k + s = 2, since v is even. Now we select i = 2. Then uv 2 wx 2 y = w for some l > 1, which violates condition C. Now suppose k + s = 3. Then we pick i = 2. It follows that uv 2 wx 2 y is of the form w ) is an abelian square, a contradiction.
Case ii: Both v and x are non-empty. In this case, we first show that both v and x contain a 1. Then, we show v and x are even. Finally we rule out all subcases under the condition that v and x are even.
Case ii.i: Suppose v = 0 k or x = 0 l for some k, l ∈ N + . By a similar analysis in Case i.i, we get that this case violates condition C. 
